Introduction: Filtering images while preserving their edges has been addressed in many ways in computer vision. Interestingly, various methods give results that are qualitatively similar to those obtained by bilateral filtering. The main contribution of this Letter is that we mathematically examine the relationship between the bilateral kernel and the recently proposed 'locally adaptive regression kernel' (LARK)' [1] .
LARK was originally developed for improving and restoring the quality of images in the presence of noise [1, 2] . By analysing the differences between photometric pixel values based on estimated gradients to obtain the local structure of input images, this method applies the weights to the input image according to the locally adapted kernels. With the locally adapted kernels denoising is affected most strongly along the edges. The key idea of the measure of similarity between two pixel points is based on the local geodesic distance. Since it is remarkably robust to noise and perturbation of the data, this kernel method has in [2] been extensively extended to the feature descriptor fields for the application of recognising objects, human action, and human faces.
The LARK is defined in [2] as:
where the matrix C i = C(y i , y j ) is estimated from the given data as
Precisely, z xi, * (x j ) are the estimated gradients of the essential signal at point x i , computed from the given measurements y j in a patch around the point of interest. The symmetric covariance matrices C i based on differences in the local grey-values define the local kernel shapes by computing the dominant local orientation from the eigenvectors of the C i . Bilateral filtering for noise removal aims at preserving the signal details while removing the noise. It was introduced by Tomasi and Manduchi [3] as a nonlinear filter which combines spatial and photometric distances. This filter is purely a weighted average of the local neighbourhood samples, where the weights are computed based on spatial distances images and radiometric distances between the centre sample and the neighbouring samples. This filter is locally adaptive and iterative. The use of bilateral filtering has grown rapidly and is now commonly used in the areas of image processing and computer vision [4] .
We will now borrow a brief description of bilateral filtering from Barash [5] which we will later extend to establish a relationship to LARK. In bilateral filtering, given an input image f ( x), using a continuous representation notation as in [3] , the output image h( x) is obtained by [5] :
where x = (x 1 , x 2 ), j = (j 1 , j 2 ) are space variables and
is the intensity. The convolution mask is the product of the functions c and s, which represent closeness in the spatial and similarity in the photometric distances, respectively. We now use an efficient method, as in [5] , to define a discrete version of the bilateral filter as follows:
with the kernel given by:
where I is a three-element vector which defines colour images, N is the window size of the filter, and σ D and σ R are spatial and photometric distances. The first term in (5) refers to the spatial distance and the second term refers to the photometric distance between two pixels. To find the relationship between the bilateral kernel and the LARK, we borrow the definition of the generalised intensity [5] as:
and the notation that represents the colour image as a 2D surface embedded in the 5D spatial-colour space by using the Beltrami flow [6] . The spectral distance measure for the bilateral kernel can be applied as in [5] as:
For simplicity, we rewrite (7) for grey-level image z(x 1 , x 2 ) as
Thus, it is possible to write (8) equivalently by combining the spatial and spectral distance terms. Using the generalised intensity defined in (6), the full distance measure can be written as:
where a = s D /s R . It is now possible to take advantage of a geometric interpretation in which grey images are 2D surfaces embedded in the 3D (x, y, I(x, y)) space. Thus, (10) is equivalent to the locally adaptive kernel measure:
which is the geometric arclength in the hybrid spatial-colour space where Dx = (dx 1 , dx 2 ) T and dz = |I( x) − I( j )|. When applying the chain rule as in [2] , we obtain dz(x 1 , x 2 ) as:
where z x1 and z x2 are first derivatives along the x 1 and x 2 directions. Plugging dz(x 1 , x 2 ) into (10), we have the geometric arclength as follows:
It is now possible to write to the distance measure of (1) as:
where Dx = [Dx 1 , Dx 2 ] T and C is the local gradient covariance matrix, called the structure tensor, defined as
As mentioned in [2] , we can ignore this term since the effect of Dx T Dx in the local small window is trivial and data-independent. Thus, the bilateral kernel of the geometric arclength is defined in the hybrid spatial-colour space as:
where ds 2 = a 2 Dx T CDx. Equation (15) provides a direct relation between the bilateral filtering and the LARK filtering approaches.
Conclusion:
In this Letter, we have studied the relationship between the bilateral kernel and the locally adaptive regression kernel approaches. We examined the similarity between both edge-preserving locally adaptive denoising methods. By applying the spectral distance measure to the bilateral kernel we established a direct relationship between the bilateral kernel and the locally adaptive regression kernel.
